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1. Preliminaries

> Empirical Margins
o Nuisance parameters
o n samples of d-variate vector X = (X1,...,Xq)
o Transform X into pseudo-vector Z through empirical marginal df’s:

Z; = (Zflv"'7zjd)
= (Fy(X), ., Fa(X))

R; R; .
= =1,...
<n+1? 7n+1>7./ ) 7n7

where Rj; is the rank of Xj; among (Xui, ..., Xai).
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1. Preliminaries

> Anderson-Darling statistic
o Random vector W = (w1, ..., w,), iid U(0,1)? and cdf of W is
F(w) = w.
o AD statistic defined as:

/{F(W) W} dw, w € [0,1].

1—w)

o Strongly weights deviations close to w =0 and w = 1.
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1. Preliminaries

> Conditional probability integral transform

o Introduced by Rosenblatt (1952)
o D’Agostino and Stephens (1986): conditional probability integral

transform (cpit)
o Transforms dependent variables into independent variables, given the

multivariate distribution
o Cpit of Z = (Z17 .. .,Zd) defined as T(Z) = (T1(Z1), ey Td(Zd))
where

Tl(Zl) = Fl(Zl),
T2(22) = Fyu(22|21),

Ta(Z4) = Fap..d—1(zd|z1, . .., za—1),

o RV's Vi = Ti(Z), i=1,...,d iid U(0,1)".
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1. Preliminaries

> Conditional probability integral transform

Z11

(b) V=T(2)
Vi1 N Vid
cpit
—
Vn1 . Vnd
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1. Preliminaries

> Parameter estimation
o Semi-parametric method based on pseudo-vector Z
o Elliptical copulae - pairwise invert sample Kendall’s tau
o Student’t t copula - numerically maximize likelihood wrt v, given
estimated scale matrix
o Archimedean copulae: exchangeable construction with one parameter
- estimate parameter by ML
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Proposed GoF approaches
Copula GoF testing Cpit-approach
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2. Copula GoF testing

Determine if a copula family appropriately fits data
Univariate distributions = e.g. Anderson-Darling test or QQ-plot
Multivariate domain = fewer alternatives

v Vv Vv V

Copula GoF complicated due to empirical margins and parameter
estimation

v

p-value estimates commonly found through parametric bootstrap
procedures.
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Proposed GoF approaches
Copula GoF testing Cpit-approach
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2.0 GoF approaches:

> Several approaches proposed lately:
o Binning of the probability space
o Multivariate smoothing
o Dimension reduction techniques
o Constructions to test specific copulae
o General tests for any copula
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Proposed GoF approaches
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2.1 Proposed GoF approaches:

> Breymann et al. (2003) - based on the cpit and tests of
independence (cpit-approach)

> Genest and Rémillard (2005) - based on the copula df (Z" -G)

> Savu and Trede (2AOO4) and Genest et al. (2006) - based on the cdf
of the copula df (K — Kj; K(t) = P[C < t])

> Genest et al. (2007) - based on the cpit and the copula df (6 - C1)

> Quessy et al. (2007) - based on Spearman’s process
(L Ly L(t) = PIL, Z < 1)
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Proposed GoF approaches
Copula GoF testing Cpit-approach

Cpit2-approac|
Testing procedure

2.2 Cpit-approach

> Proposed by Breymann et al. (2003)
> Test procedure corrected by Dobri¢ and Schmid (2007)

> Z is the U(0,1)9 pseudo-vector from empirical margin
transformation of X

> V = T(Z) is the cpit vector, iid U(0,1)9 under the null
> Dimension reduction: Wg = ¢, &~1(V;)2

> Test observator G(w) = P[in(WG) < w]

> Under Ho, G(w) = w and g(w) = 1.

> Empirical version a(w) plugged in for /:L:(W) in expression for AD
statistic
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Proposed GoF approaches
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2.2 Cpit-approach

> Problem 1.
o Extreme weight to corners and edges of unit hypercube
o Low power for small sample sizes

I
n f“”

\ |

> Solution 1 - generalization: allows for any weight function
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Proposed GoF approaches
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2.2 Cpit-approach

> Problem 2: R
o Some deviations cancel out, 74P = {0.411,0.411,0.411}.
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> Solution 2 - extension: additional cpit based on order statistics
detects radial asymmetry
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2.3 Cpit2-approach: a generalization and extension

> V = T(Z) is the cpit vector, iid U(0,1)¢ under the null
> Denote order statistics of V by Vo) < Vo) <. < V)

> Known results from Deheuvels (1984) and iid uniformity of V gives
for the additional, order statistic cpit:

1— Vi) d—(i—1) )
H,':F\/(’_)‘V('._l)(V(;)):l— 5 I:].,...,d7 V(O):O.

1— vy

> Poor fit in d-space is indicated by extreme values of H.
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2.3 Cpit2-approach: a generalization and extension

> Dimension reduction: Wg = Z:‘jﬂ Tv(Viy @) - Tu(H;i; @)
> Iy and 'y are weight functions and H respectively and « is the set
of weight parameters.
> Any weight functions can be used, for example:
o (i) @7H(X)?
o (i) X —0.5|
o (i) (X —0.5)%, a=(2,4,...)
> Special case (cpit-approach): Ty(X; a) = ®~1(X)? and
My(X;a) =1
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Testing procedure

2.3 Cpit2-approach: a generalization and extension

> Solution to problem 1: Any weight can now be used
> Example 1: Ty(X;a) =|X —0.5] and Ty(X;a) =1
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2.3 Cpit2-approach: a generalization and extension

> Solution to problem 1: Any weight can now be used
> Example 2: Ty(X; a) = |X —0.5] and Ty(X; a) = |X — 0.5]

iy
77
it/

()
)

> Note the [y term emerging as weight to the diagonal, detecting
radial asymmetry
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2.3 Cpit2-approach: a generalization and extension

> Solution to problem 2: Radial asymmetry is detected by the 'y term:

Y — d=1(¥)2 )
Mv(X;a) = &7H(X) }TAD_{0.411,0.411,0.411}

Me(X;a)=1
Nv(X;a)=1 SAD _
F(X. o) — D-1(X)? }T — {0.409,65.455, 109.523}
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Proposed GoF approaches
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2.4 Testing procedure

v

Assume that W is x? distributed

v

Only close to, but not exactly true

v

Empirical margins and parameter estimation introduce dependence
between observations

v

Parametric bootstrap procedures are needed

v

Asymptotics of our bootstrap procedure are not proven
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Setup

Monte Carlo rstudy Results

3. Monte Carlo study

Setup:
Mixing tests: CM* = (1 — ). C% 4 3. CAl
Null hypothesis copula: Gaussian copula

v

Alternative copulae: Student’s t, Clayton, Gumbel

Dependency parameter: p, = 0.20, v =4

d ={2,5}, n={125,250,500}

All combinations of (i)-(iii) for 'y and 'y

Repeat 2000 times to obtain rejection rates (5% significance level)
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Setup

Monte Carlo rstudy Results

3. Monte Carlo results

Effect of sample size:
Cpit2-approach, d =5, Ty (X;a) = |X —0.5], Tp(X;a) =1
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Setup

Monte Carlo rstudy Results

3. Monte Carlo results

Effect of copula dimension:
Cpit2-approach, n =500, 'y (X; ) = |X — 0.5], Ty(X;a) =1
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Setup

Monte Carlo rstudy Results

3. Monte Carlo results

General size/power conclusions:
> Nominal levels kept, indicating validity of bootstrap procedure

> Cpit-approach performs rather poor, particularly for small sample
sizes

> Best performing cpit2-approach combination:
N(X;a)=1[X—-05], Th(X;a) =1

> [y term adds power for high dimension (d = 5), small sample size
(n = 125) and skewed alternative copula (Clayton, Gumbel)
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Setup
Results

Application

4. Application

Setup:

A\

1000 samples (daily log-returns) of 45 large cap stocks from NYSE
Collections of 2 and 5 stocks randomly selected

Repeated 2000 times to obtain rejection rates

>
> Gaussian, Student’s t, Clayton and Gumbel copulae fitted
>
> Raw returns and GARCH(1,1) filtered returns
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Setup
Results

Application

4. Application

Results:
> Exchangeable Clayton- and Gumbel copulae strongly rejected
> Gaussian copula rejected in many cases
> Student’s t copula rarely rejected
> Rejection rates lower for filtered returns
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Further work

Summary

5. Summary
> We generalize and extend the cpit-approach
> Cpit2-approach solve two issues with the cpit-approach
> Radial assymmetry detected by 'y term
> Combination Iy (X; a) = |X — 0.5], (X;a) =1 best, good

power for small sample size

v

Nominal levels kept - bootstrap procedure valid

A\

Applied to daily log-returns the Student’s t copula is superior
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Further work

Summary

5 Further work

> Can we further generalize to base the dimension reduction on the
original data, ['z(Z;)?

> This way we can weight any region of the original copula
> Compare with other proposed approaches (work in progress)

> Examine local power and sensitivity of various copula GoF
approaches (work in progress)
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